In the present investigation we have studied a tangent hyperbolic fluid in a uniform inclined tube. The governing equations are simplified using long wavelength and low Reynold number approximations. The solutions of the problem in simplified form are calculated with two methods namely (i) the perturbation method and (ii) the homotopy analysis method. The comparison of the solutions show a very good agreement between the two results. At the end of the article the expressions of the pressure rise and the frictional force are calculated with the help of numerical integration. The graphical results are presented to show the physical behaviour of Weissenberg number We, amplitude ratio φ , and tangent hyperbolic power law index n.
Introduction
The study of non-Newtonians fluids have become an increasing importance in the last few decades. This is mainly due to its large number of applications in many areas. Such applications are foodmixing and chyme movement in the intestine, flow of plasma, flow of blood, polymer fluids, colloidal suspension, liquid crystals, animal blood exotic lubricants, and fluid containing small additives. Another reason which has attracted the attention of various researcher's to discuss the non-Newtonian fluids is that an universal nonNewton constitutive relation that can be used for all fluids and flows is not available. Therefore, a number of studies have been presented which deal with different kinds of non-Newtonian fluid models using different kinds of geometries [1 -6] . Peristaltic mechanism is also a rich of research area which has attracted the attention of researchers due to its wide range of applications in physiology and industry. After the first investigation done by Latham [7] a number of studies dealing with different flow geometries have been discussed in peristaltic flow problem [8 -18] .
In view of the above analysis the purpose of the present investigation is multidimensional. The main aim is to discuss the peristaltic flow of a tangent hyperbolic fluid model and the secondary purpose is to find the series solutions of nonlinear equations of the given problem with the help of the homotopy analy-0932-0784 / 10 / 1100-0887 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com sis method and the perturbation method. The governing equations of the problem are first simplified and then the reduced nonlinear equations are solved analytically. The expressions for the pressure rise and frictional forces are calculated numerically. The highlights of the problems are discussed through graphs.
Mathematical Model
For an incompressible fluid the balance of mass and momentum are given by
where ρ is the density, V is the velocity vector, S is the Cauchy stress tensor, f represents the specific body force, and d/dt represents the material time derivative. The constitutive equation for a hyperbolic tangent fluid is given by [5] 
in which −PI is the spherical part of the stress due to constraint of incompressibility, τ τ τ is the extra stress tensor, η ∞ is the infinite shear rate viscosity, η 0 is the zero shear rate viscosity, Γ is the time constant, n is the power law index, andγ is defined aṡ
where Π = 1 2 tr(gradV + (gradV ) T ) 2 is the second invariant strain tensor. We consider the constitution (4), the case for which η ∞ = 0 and Γγ < 1. The component of extra stress tensor, therefore, can be written as
Mathematical Formulation
Let us consider the peristaltic transport of an incompressible hyperbolic tangent fluid in a two dimensional inclined tube. The flow is generated by sinusoidal wave trains propagating with constant speed c along the channel walls. The geometry of the wall surface is defined as
where a is the radius of the tube, b is the wave amplitude, λ is the wavelength, c is the propagation velocity, andt is the time. We are considering the cylindrical coordinate system (R,Z), in which theZ-axis lies along the centerline of the tube andR is transverse to it (see Fig. 1 ). The governing equations in the fixed frame for an incompressible flow are
Introducing a wave frame (r,z) moving with velocity c away from the fixed frame (R,Z) by the transformationsz
whereŪ,W andū,w are the velocity components in the radial and axial directions in the fixed and moving coordinates, respectively. The corresponding boundary conditions are
where µ is the viscosity of the fluid.
Using the above non-dimensional quantities and the resulting equations can be written as
where
in which δ , Re, We represent the wave, Reynolds, and Weissenberg numbers, respectively. Under the assumptions of long wavelength δ 1 and low Reynolds number, neglecting the terms of order δ and higher, (12) , (15) , and (16) take the form
∂ w ∂ r = 0, at r = 0,
Solution of the Problem

Perturbation Solution
For perturbation solution, we expand w, F, and P as
Expressions for velocity profile and pressure gradient satisfying the boundary conditions (20) can be written as
Homotopy Analysis Method (HAM) Solution
In this section, we have found the HAM solution of (18) to (20) . For that we choose
as the initial guess. Further, the auxiliary linear operator for the problem is taken as
which satisfies
From (18) to (20) we can define the following zerothorder deformation problems:
In (29) and (30),h w denote the non-zero auxiliary parameter, q ∈ [0, 1] is the embedding parameter and
Obviously,
when q varies from 0 to 1, thenŵ(r, q) varies from initial guess to the solution w(r). Expandingŵ(r, q) in Taylor series with respect to an embedding parameter q, we havê
Differentiating the zeroth-order deformation m-times with respect to q and then dividing by m! and finally setting q = 0, we get the following mth-order deformation problem:
(36)
The solution of the above equation with the help of Mathematica can be calculated and presented as follows:
where a 0 m,0 and a k m,n are constants.
Graphical Results and Discussion
In this section the pressure rise, frictional forces, and axial pressure gradient are discussed carefully and shown graphically (see Figs. 4 to 15) . The pressure rise is calculated numerically by using Mathematica. Figures 4 to 7 show the pressure rise ∆P against the volume flow rate Θ for different values of angle of inclination α, Weissenberg number We, amplitude ratio φ , and tangent hyperbolic power law index n. These figures indicate that the relation between pressure rise and volume flow rate are inversely proportional to each other. It is observed from Figure 4 that with the increase in α, pressure rise increases. It is analyzed that through Figures 5 and 6 that with an increase in n and We, pressure rise increases for 0 ≤ Θ ≤ 0.3, while decreases for 0.31 ≤ Θ ≤ 1. Figure 7 show that with an increase in φ the pressure rise decreases for 0 ≤ Θ ≤ 0.5 while increases for 0.51 ≤ Θ ≤ 1. Peristaltic pumping occurs in the region 0 ≤ Θ ≤ 0.3 for Figures 5 and 6 , 0 ≤ Θ ≤ 0.5 for Figure 7 , otherwise Moreover, it is seen that an increase in α, n, and We causes the decrease in the pressure gradient, while the pressure gradient increases with the increase in φ . Figures 16 and 17 are prepared to see the variation of the shear stress for different values of α and We. It is observed that with an increase in α and We, the shear stress increases. Figure 18 illustrates the streamline graphs for different values of the time mean flow rate Θ . It is observed that when we increase Θ the size of trapped bolus increases. Figure 19 shows the streamlines for different values of (power law index) n. It is analyzed that with the increase in n size and number of trapping bolus decreases. Figure 20 illustrates the streamline graphs for different values of φ . It is observed that with the increase in φ the trapped bolus increases. The streamlines for different values of We are shown in Figure 21 . It is evident from the figure that the size of the trapped bolus increases by increasing We.
